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Why parameter risk

Which portfolio would you rather handle or take over?
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Relevance of the parameter uncertainty

=  Pricing profit loading
= Reserving risk margin
= Solvency parameter risk
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Parameters

Risk

Parameter risk
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Chi-square fit

(x;,y;) are n actual realizations of 2 (or more) observables
y = F(x, ...) is some unknown function of e
=X

= many more unknown variables that are difficult to observe

y = f,(x) + € is a model that

= focuses on the most important variable x

= combines the other variables into the stochastic Gaussian process e~N'(0, o)
= depends on k parameters a

Calibrate the parameters a by minimizing the chi-square function X w.r.t. a

n

_ Yi_fa(xi)z
XZ_Z( 0j >

i=1

\ 1o observation uncertainty
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Goodness of fit

X2,in = min(X2(a)) vyields the best fit parameters a = (a4, ay, ..., ay)
a

Goodness of fit _
n = number of observations

2 2 . . . . .
n X~ chi-square distribution with n — k dof (cf. BIC
o An-k . ~ ( ) k = number of parameters
= X: ., t00large = probability too small
X2 .
. ﬁ > 1 = reject the model
100% 100% —
60% \ \ 16 dof 60% N\ 16 dof
50% \ \ 50% N\
\ \ =64 dof =64 dof
40% 40%
2006 \ \ —— 256 dof 0% —— 256 dof
20% \\ \\ 1024 dof 20% \\\\\ 1'024 dof
10% \ ——4°096 dof 10% ——4°096 dof
0% N \ 0% \\¥
1 10 100 1000 10000 0.0 0.5 1.0 15 2.0
chin2 chi~2 / dof
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Parameter confidence intervals

1 parameter

24

......................................................................

= Confidence bounds a, at probability p: X?(a,) = Xz, + x?(p)
* x%(95%) = 3.81
.« 2 _
x1(80%) = 1.65 N —
« x%(60%) = 0.71 .
. x2(40%) = 0.27 I I A

. ¥2(20%) = 0.06 /
°« ... best fit X? = X3

min

23

22

..............................................

X2

= Confidence probability T(a) = x?(X?(a) — X2,;,,) o
80%
60%

40%

20%

0%
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Parameters confidence spaces

k parameters
= Confidence contour, surface, volume, ... at probability p: X?(a,) = X2, + )<(_,%(p)
. x2(95%) = 5.95
. ¥2(80%) = 3.22

. ¥2(60%) = 1.83
< i best fit X2 = X2,
«  x2(40%) = 1.02 : esth min
.« 22(20%) = 0.45 e /
i - : I ﬂ
i I

= Confidence probability T'(a) = )(;% (X2 (a) — X12nin)

00%-20% 020%-40% 040%-60% 060%-80% O 80%-100%
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Mortality models

Cohort definitions 1000 |
= L, =persons of age x alive 10.00% ﬂf/
Ly—L - .

= g, = == = probability to die between ages x and x + 1

Ly 1.00% |~

1 dLy - :
o = ———= = instantaneous mortality rate

Hx Ly dx y 0.10% N/
A — x/T 0.01%

Gompertz assumption: u, = Me _ 20 40 60 80 100
= L, = Ce_MTex/T ——observed q_x Gompertz g_x

morbid death
= g = 1 — e7Mrle e |

Makeham assumption: u, = A + Me*/*®
—Ax ,—Mrte*/T

= L, = ce e

A — 1/T_1\poX/T _
= g, = 1 — e~ Ae~Mr(e" 1) accidental death
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Mortality models

Cohort definitions

= L, =persons of age x alive

Ly—Lyx4+1

= g, = ——— = probability to die between ages x and x + 1

Ly
1 dLy

" u, = ——— = instantaneous mortality rate

Ly dx

Gompertz assumption:

— L., = ce—Mte*’*
X

=g, =1— e—MT(el/T—l)ex/T

Measurement standard error

"= Agy = \/Qx(l — qx)/ Ly

Chi-square fit

Hx = Me*/®

2
_e—MT(el/T—l)ex/T)

2 _ v100 qx—(l
= X0 = x=15<
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Mortality models

. e 100.00%
Cohort definitions ’
= L, =persons of age x alive 10.00%
L,—L - ;
= g, = =—*2 = probability to die between ages x and x + 1
Ly 1.00% |—{ff=
1 dL . _ 5
= u, = ———= = instantaneous mortality rate
L, dx 0.10%
nn- — xX/T 0.01%
Gompertz assumption: u, = Me _ 20 10 o0 0 100
= L, = Ce_MTex/T ——observed g_x Gompertz q_x
=qg,=1- e—MT(el/T—l)ex/T
0.00248%
1-1 T M 7 0.00240:@
Measurement standard error (v, M) , 0.00232%
080%-100% 7 4 0.00224%
] Aqx = \/qx(l —_ qx)/Lx 060%-80% rr,( )," 0.00216% M
040%-60% peZanyds 0.00208%
020%-40% e 0.00200%
Chl-Square fit 010%.20% 7 0.00193%
2 0.00185%
_Mrt(el/T=1)eX/T 0.00177%
X2 = )100 qx—(l—e ( ) ) 0.00169%
x=15 Adx 2522283382233
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Parameters

Risk

Parameter risk
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What is risk?

The 2 corporate standpoints

= Accounting view: can only book one number per item

= Actuarial view: each item is a random variable E[X] VaR,TVaR, ...

Risk = p[X] = deviation from expectation E[X]

v
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Risk distribution

x; are n actual realizations of a risk X (loss, stock index, ...) 100%
= Empirical CDF is u; = u(x;) ZZj
= Equiprobable observations = u; — u;_; = ctt 70%
60%
Assume X distributed according to a probability distribution - ij
= |ts CDF is Fy(x|a) = P[X < x|a] 30%
= [t depends on k unknown parameters a 20%
Best flt dIStrIbutlon Of rISk X FX(xla) 5000000 7°000°000 ) 9'000°000 11°000°000

B observed BF
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Parameters

Risk

Parameter risk
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Risk distribution

x; are n actual realizations of a risk X (loss, stock index, ...) 100%
= Empirical CDF is u; = u(x;) ZZj
= Equiprobable observations = u; — u;_; = ctt 70%

60%

Assume X distributed according to a probability distribution w o

40%

= |ts CDF is Fy(x|a) = P[X < x|a] 20%
= |t depends on k unknown parameters a 20%
10% =
0%
. . . . . 5000000 7°000°000 9°000°000 11°000°000
Best fit distribution of risk X Fy(x|a) x
u |gn0reS parameter r|Sk m observed BF fuzzy
Fuzzy distribution of risk X Fy(x|a~FE,)

= Accounts for parameter risk
= Like NegBin ~ Poisson(A ~ Gamma)
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Risk distribution — Chi-square fit

x; are n actual realizations of a risk X (loss, stock index, ...) 100%
= Empirical CDF is u; = u(x;) - -
= Equiprobable observations = u; — u;_; = ctt 70%
60%
Assume X distributed according to a probability distribution - jzj
= |ts CDF is Fy(x|a) = P[X < x|a] 30%
= [t depends on k unknown parameters a 20%
10%

. . . _ . . 0%
Calibrate the parameters a by minimizing the chi-square function 5000000 7000000 9000000 17000000

X

n ﬁ ( | ) 2 m observed
Xi — Uu;|la
X (a) = Z( l A)ic- l )
l

i=1

BF

\ 1o observation uncertainty
X2.n = min(X?(a)) vyields the best fit parameters a = (a4, ay, ..., ax)
a
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Risk distribution — goodness of fit

X2,in = min(X2(a)) vyields the best fit parameters a = (a4, ay, ..., ay)
a

Goodness of fit _
n = number of observations

= X2~ X2 chi-square distribution with n — k dof (cf. BIC) k = number of parameters
= X2. toolarge = probability too small
2 _
. % > 1 = reject the model
n . an_m — 0
Ax; unknown = scale them s.t. —#* = Sl e R\
80% NN
n 2 70% \\\\\\\\ =4 dof
) X; — FX (uila) 60% C 16 dof
X“(a) = Z 50% ——64 dof
' Ax; 40% 256 dof
i=1 30% — o
20% \\\\\ 1'024 dof
10% \\¥ 4’096 dof
0/00.0 0.5 1.0 15 2.0

chi®2 / dof
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Risk distribution — parameters confidence intervals

k parameters

= Confidence contour, surface, volume, ... at probability p: X?(a,) = X2, + )<(_,%(p)
. x2(95%) = 5.95
. %2(80%) = 3.22

. ¥2(60%) = 1.83 I'(ab)
— - 2 —y2.
.+ ¥2(40%) = 1.02 S 7 bestfit X2 =X2,,
.« 22(20%) = 0.45 e /
b - : I ﬂ
i T

= Confidence probability T'(a) = )(;% (X2 (a) — X12nin)

00%-20% 020%-40% 040%-60% 060%-80% O 80%-100%
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Risk distribution — parameters joint distribution

k parameters

= Confidence contour, surface, volume, ... at probability p: X2(a,) = X2, + xZ(p)
. x2(95%) = 5.95
° }(_22(80%) = 3_22 e

.....................

. ¥2(60%) = 1.83 I'(a,b)
— - i best fit X% =X2 .
o x2(40%) = 1.02 st min

.« 22(20%) = 0.45 e /

i
i SR
= Confidence probability T'(a) = x2(X?(a) — X2,,)
= Sample numerically the parameters’ joint PDF f(a)
« e.g. with the brute-force accept-reject algorithm O 096409 A0S0 608006 80000
~ easy © 6-20% 01 20%-40% [ 40%-60% [160%-80% 01 80%-100%

— inefficient
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Modelled risk distribution

Risk X ~ LogNormal

Fit LogNormal Fy with a= (u,o)
Best fit distribution of risk X  Fy(x|a)
Fuzzy distribution of risk X  Fy(x|a~FE,)

100% 1'300°000 100.0% 2'500°000
90% = 1'250°000
80% 1200'000 . 2'000°000
0 y i - [
70% 1150°000 10.0%
60% 1100°000 1500'000
50% 1°050’000
40% 1°000°000 - 1'000°000
1.0%
30% 950°000 —~—
20% 900°000 - 500'000
10% 850°000
0% 800000 0.1% -
5000'000 10°000°000 15°000°000 7'900°0007°300°0007°400°0007"500°0007'600'000 - 5000°000 10°000°000 15°000°000 risk
m observed LogNormal ——best fit LogNormal * mu sigma @ best fit —best fit LogNormal fuzzy LogNormal mbest fit mfuzzy
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Modelled risk distribution

Risk X ~ Pareto

Fit LogNormal Fy with a= (u,o)
Best fit distribution of risk X  Fy(x|a)
Fuzzy distribution of risk X  Fy(x|a~FE,)

100% = 16°000°000 100.0% 20°000°000
—a— , ,
90% 14'000'000 : 180001000
80% . 16°000°000
i 12°000'000 a ‘AN
70% o 10.0% 14’000°000
60% 10°000°000 12000000
50% 8'000°000 10°000°000
e 6°000°000 8'000°000
0,
30% 1.0% 6'000°000
20% 4'000°000 4'000'000
10% 2'000'000 2'000°000
0% ) 0.1% -
- 50'000°000 100’000'000 ) 5000000 10'000°000 15'000°000 - 50'000'000 100'000'000 risk
B observed Pareto ——best fit LogNormal = mu sigma @best fit ——Dbest fit LogNormal fuzzy LogNormal mpest fit mfuzzy
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Modelled risk distribution

Risk X ~ Pareto T\ @
Fit Pareto Fy with a= (T, a) Fy(x) =1- (—)
Best fit distribution of risk X  Fy(x|a)

Fuzzy distribution of risk X  Fy(x|a~F,)

100% 18 100.0% 70°000°000
90%
A 16 60°000°000
80% 1.4 Py NG
0 b B 50°000°000
70% 1.2 10.0%
0,
60% o 40'000°000
50%
40% 0.8 30°000°000
1.0%
30% 0.6 20'000°000
20% 0.4
. 10’000°000
10% 0.2
0% ) 0.1% -
- 50°000°000 100°000°000 4'400°000 4'800°000 5'200°000 5'600°000 500°000'000  1°000°000°000 risk
B observed Pareto ——nbest fit Pareto = threshold tail @best fit ——best fit Pareto fuzzy Pareto mpest fit ®fuzzy
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Model risk

100% I T

90% | ¢ log-return MXN /USD

80% H modelo
the world is not normal & 70% E

60% ——

50%

40%

30%
0.50 T I 20%
045 Humg o MXN /USD 10%

0% ) o N\
0.40 )
0.35 -0.60 Dt -0.20 0.00 0.2
0.30
0.25
0.20 - —
0.15 -
0.10 - W‘V
0.05 x? / dof =0.6
0.00
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Et Cartago delenda est...

assets liabilities
« Solvency Il internal model

: risk margin
investments
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Et Cartago delenda est...

assets liabilities

« Solvency Il standard formula

risk margin

iInvestments
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... et Carthago delenda est!

Solvency | Solvency I

standard formula
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Raingassli 1
6300 Zug
Switzerland
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All our clients are akin:

they seek honesty, responsiveness and BESPOKE solutions
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