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Why parameter risk

▪ Which portfolio would you rather handle or take over?

▪ Relevance of the parameter uncertainty

▪ Pricing profit loading

▪ Reserving risk margin

▪ Solvency parameter risk

500’000 lives 50’000 lives
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Agenda 

▪ Parameters

▪ Risk

▪ Parameter risk
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Chi-square fit

▪ 𝑥𝑖 , 𝑦𝑖   are 𝑛 actual realizations of 2 (or more) observables

▪ 𝑦 = 𝐹 𝑥, …   is some unknown function of 

▪ 𝑥 

▪ many more unknown variables that are difficult to observe

▪ 𝑦 = 𝑓𝒂 𝑥 + 𝜀  is a model that

▪ focuses on the most important variable 𝑥 

▪ combines the other variables into the stochastic Gaussian process 𝜀~𝒩 0, 𝜎

▪ depends on 𝑘 parameters 𝒂

▪ Calibrate the parameters 𝒂 by minimizing the chi-square function Χ2 w.r.t. 𝒂

Χ2 = ෍

𝑖=1

𝑛
𝑦𝑖 − 𝑓𝒂 𝑥𝑖

𝜎𝑖

2

1𝜎 observation uncertainty
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Goodness of fit

▪ Χ𝑚𝑖𝑛
2 = min

𝒂
Χ2 𝒂 yields the best fit parameters  𝒂 = 𝑎1, 𝑎2, … , 𝑎𝑘

▪ Goodness of fit

▪ Χ𝑚𝑖𝑛
2 ~ 𝜒𝑛−𝑘

2 chi-square distribution with 𝑛 − 𝑘 dof (cf. BIC)

▪ Χ𝑚𝑖𝑛
2 too large ⇒ probability too small

▪
Χ𝑚𝑖𝑛

2

𝑛−𝑘
≫ 1 ⇒ reject the model

ቤ
𝑛 = number of observations

𝑘 = number of parameters
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Parameter confidence intervals

▪ 1 parameter

▪ Confidence bounds 𝑎𝑝 at probability 𝑝:   Χ2 𝑎𝑝 = Χ𝑚𝑖𝑛
2 + 𝜒1

2 𝑝

• 𝜒1
2 95% = 3.81

• 𝜒1
2 80% = 1.65

• 𝜒1
2 60% = 0.71

• 𝜒1
2 40% = 0.27

• 𝜒1
2 20% = 0.06

• …

▪ Confidence probability   Γ 𝑎 = 𝜒1
2 Χ2 𝑎 − Χ𝑚𝑖𝑛

2

19

20

21

22

23

24

Χ
^

2

0%

20%

40%

60%

80%

100%

Γ

best fit Χ2 = Χ𝑚𝑖𝑛
2
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Parameters confidence spaces

▪ 𝑘 parameters

▪ Confidence contour, surface, volume, … at probability 𝑝:   Χ2 𝒂𝑝 = Χ𝑚𝑖𝑛
2 + 𝜒𝑘

2 𝑝

• 𝜒2
2 95% = 5.95

• 𝜒2
2 80% = 3.22

• 𝜒2
2 60% = 1.83

• 𝜒2
2 40% = 1.02

• 𝜒2
2 20% = 0.45

• …

▪ Confidence probability   Γ 𝒂 = 𝜒𝑘
2 Χ2 𝒂 − Χ𝑚𝑖𝑛

2

Γ(a,b)

0%-20% 20%-40% 40%-60% 60%-80% 80%-100%

best fit Χ2 = Χ𝑚𝑖𝑛
2
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Mortality models

▪ Cohort definitions

▪ 𝐿𝑥 = persons of age 𝑥 alive

▪ 𝑞𝑥 =
𝐿𝑥−𝐿𝑥+1

𝐿𝑥
= probability to die between ages 𝑥 and 𝑥 + 1

▪ 𝜇𝑥 = −
1

𝐿𝑥

𝑑𝐿𝑥

𝑑𝑥
= instantaneous mortality rate

▪ Gompertz assumption: 𝜇𝑥 = 𝑀𝑒𝑥/𝜏

𝐿𝑥 = 𝑐𝑒−𝑀𝜏𝑒𝑥/𝜏

𝑞𝑥 = 1 − 𝑒−𝑀𝜏 𝑒1/𝜏−1 𝑒𝑥/𝜏

▪ Makeham assumption: 𝜇𝑥 = 𝐴 + 𝑀𝑒𝑥/𝜏

𝐿𝑥 = 𝑐𝑒−𝐴𝑥𝑒−𝑀𝜏𝑒𝑥/𝜏

𝑞𝑥 = 1 − 𝑒−𝐴𝑒−𝑀𝜏 𝑒1/𝜏−1 𝑒𝑥/𝜏

morbid death

accidental death
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Mortality models

▪ Cohort definitions

▪ 𝐿𝑥 = persons of age 𝑥 alive

▪ 𝑞𝑥 =
𝐿𝑥−𝐿𝑥+1

𝐿𝑥
= probability to die between ages 𝑥 and 𝑥 + 1

▪ 𝜇𝑥 = −
1

𝐿𝑥

𝑑𝐿𝑥

𝑑𝑥
= instantaneous mortality rate

▪ Gompertz assumption: 𝜇𝑥 = 𝑀𝑒𝑥/𝜏

𝐿𝑥 = 𝑐𝑒−𝑀𝜏𝑒𝑥/𝜏

𝑞𝑥 = 1 − 𝑒−𝑀𝜏 𝑒1/𝜏−1 𝑒𝑥/𝜏

▪ Measurement standard error

▪ Δ𝑞𝑥 = Τ𝑞𝑥 1 − 𝑞𝑥 𝐿𝑥

▪ Chi-square fit

▪ Χ2 = σ𝑥=15
100 𝑞𝑥− 1−𝑒−𝑀𝜏 𝑒1/𝜏−1 𝑒𝑥/𝜏

Δ𝑞𝑥

2

𝜏

𝑀

Γ 𝜏, 𝑀
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Mortality models

▪ Cohort definitions

▪ 𝐿𝑥 = persons of age 𝑥 alive

▪ 𝑞𝑥 =
𝐿𝑥−𝐿𝑥+1

𝐿𝑥
= probability to die between ages 𝑥 and 𝑥 + 1

▪ 𝜇𝑥 = −
1

𝐿𝑥

𝑑𝐿𝑥

𝑑𝑥
= instantaneous mortality rate

▪ Gompertz assumption: 𝜇𝑥 = 𝑀𝑒𝑥/𝜏

𝐿𝑥 = 𝑐𝑒−𝑀𝜏𝑒𝑥/𝜏

𝑞𝑥 = 1 − 𝑒−𝑀𝜏 𝑒1/𝜏−1 𝑒𝑥/𝜏

▪ Measurement standard error

▪ Δ𝑞𝑥 = Τ𝑞𝑥 1 − 𝑞𝑥 𝐿𝑥

▪ Chi-square fit

▪ Χ2 = σ𝑥=15
100 𝑞𝑥− 1−𝑒−𝑀𝜏 𝑒1/𝜏−1 𝑒𝑥/𝜏

Δ𝑞𝑥

2
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Agenda 

▪ Parameters

▪ Risk

▪ Parameter risk
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What is risk?

▪ The 2 corporate standpoints

▪ Accounting view: can only book one number per item

▪ Actuarial view: each item is a random variable

▪ Risk = 𝜌 𝑋 = deviation from expectation 𝔼 𝑋

𝔼 𝑋

𝜌 𝑋

𝑉𝑎𝑅, 𝑇𝑉𝑎𝑅, …
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Risk distribution

▪ 𝑥𝑖 are 𝑛 actual realizations of a risk 𝑋 (loss, stock index, …) 

▪ Empirical CDF is 𝑢𝑖 = 𝑢 𝑥𝑖

▪ Equiprobable observations ⇒ 𝑢𝑖 − 𝑢𝑖−1 = 𝑐𝑡𝑡

▪ Assume 𝑋 distributed according to a probability distribution

▪ Its CDF is 𝐹𝑋 𝑥|𝒂 = ℙ 𝑋 ≤ 𝑥|𝒂

▪ It depends on 𝑘 unknown parameters 𝒂

▪ Best fit distribution of risk 𝑋 𝐹𝑋 𝑥|𝒂
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Agenda 

▪ Parameters

▪ Risk

▪ Parameter risk
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Risk distribution

▪ 𝑥𝑖 are 𝑛 actual realizations of a risk 𝑋 (loss, stock index, …) 

▪ Empirical CDF is 𝑢𝑖 = 𝑢 𝑥𝑖

▪ Equiprobable observations ⇒ 𝑢𝑖 − 𝑢𝑖−1 = 𝑐𝑡𝑡

▪ Assume 𝑋 distributed according to a probability distribution

▪ Its CDF is 𝐹𝑋 𝑥|𝒂 = ℙ 𝑋 ≤ 𝑥|𝒂

▪ It depends on 𝑘 unknown parameters 𝒂

▪ Best fit distribution of risk 𝑋 𝐹𝑋 𝑥|𝒂
▪ Ignores parameter risk

▪ Fuzzy distribution of risk 𝑋 𝐹𝑋 𝑥|𝒂~𝐹𝒂

▪ Accounts for parameter risk

▪ Like 𝑁𝑒𝑔𝐵𝑖𝑛 ~ 𝑃𝑜𝑖𝑠𝑠𝑜𝑛 𝜆 ~ 𝐺𝑎𝑚𝑚𝑎
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Risk distribution – Chi-square fit

▪ 𝑥𝑖 are 𝑛 actual realizations of a risk 𝑋 (loss, stock index, …) 

▪ Empirical CDF is 𝑢𝑖 = 𝑢 𝑥𝑖

▪ Equiprobable observations ⇒ 𝑢𝑖 − 𝑢𝑖−1 = 𝑐𝑡𝑡

▪ Assume 𝑋 distributed according to a probability distribution

▪ Its CDF is 𝐹𝑋 𝑥|𝒂 = ℙ 𝑋 ≤ 𝑥|𝒂

▪ It depends on 𝑘 unknown parameters 𝒂

▪ Calibrate the parameters 𝒂 by minimizing the chi-square function

Χ2 𝒂 = ෍

𝑖=1

𝑛
𝑥𝑖 − ശ𝐹𝑋 𝑢𝑖|𝒂

Δ𝑥𝑖

2

▪ Χ𝑚𝑖𝑛
2 = min

𝒂
Χ2 𝒂 yields the best fit parameters  𝒂 = 𝑎1, 𝑎2, … , 𝑎𝑘

1𝜎 observation uncertainty
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Risk distribution – goodness of fit

▪ Χ𝑚𝑖𝑛
2 = min

𝒂
Χ2 𝒂 yields the best fit parameters  𝒂 = 𝑎1, 𝑎2, … , 𝑎𝑘

▪ Goodness of fit

▪ Χ𝑚𝑖𝑛
2 ~ 𝜒𝑛−𝑘

2 chi-square distribution with 𝑛 − 𝑘 dof (cf. BIC)

▪ Χ𝑚𝑖𝑛
2 too large ⇒ probability too small

▪
Χ𝑚𝑖𝑛

2

𝑛−𝑘
≫ 1 ⇒ reject the model

▪ Δ𝑥𝑖 unknown ⇒ scale them s.t.
Χ𝑚𝑖𝑛

2

𝑛−𝑘
= 1

Χ2 𝒂 = ෍

𝑖=1

𝑛
𝑥𝑖 − ശ𝐹𝑋 𝑢𝑖|𝒂

Δ𝑥𝑖

2

ቤ
𝑛 = number of observations

𝑘 = number of parameters
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Risk distribution – parameters confidence intervals

▪ 𝑘 parameters

▪ Confidence contour, surface, volume, … at probability 𝑝:   Χ2 𝒂𝑝 = Χ𝑚𝑖𝑛
2 + 𝜒𝑘

2 𝑝

• 𝜒2
2 95% = 5.95

• 𝜒2
2 80% = 3.22

• 𝜒2
2 60% = 1.83

• 𝜒2
2 40% = 1.02

• 𝜒2
2 20% = 0.45

• …

▪ Confidence probability   Γ 𝒂 = 𝜒𝑘
2 Χ2 𝒂 − Χ𝑚𝑖𝑛

2

Γ(a,b)

0%-20% 20%-40% 40%-60% 60%-80% 80%-100%

best fit Χ2 = Χ𝑚𝑖𝑛
2
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Risk distribution – parameters joint distribution

▪ 𝑘 parameters

▪ Confidence contour, surface, volume, … at probability 𝑝:   Χ2 𝒂𝑝 = Χ𝑚𝑖𝑛
2 + 𝜒𝑘

2 𝑝

• 𝜒2
2 95% = 5.95

• 𝜒2
2 80% = 3.22

• 𝜒2
2 60% = 1.83

• 𝜒2
2 40% = 1.02

• 𝜒2
2 20% = 0.45

• …

▪ Confidence probability   Γ 𝒂 = 𝜒𝑘
2 Χ2 𝒂 − Χ𝑚𝑖𝑛

2

▪ Sample numerically the parameters’ joint PDF 𝑓 𝒂

• e.g. with the brute-force accept-reject algorithm

− easy 

− inefficient 

Γ(a,b)

0%-20% 20%-40% 40%-60% 60%-80% 80%-100%

best fit Χ2 = Χ𝑚𝑖𝑛
2



Experts for Experts 21 Prime Re Solutions

800’000

850’000

900’000

950’000

1’000’000

1’050’000

1’100’000

1’150’000

1’200’000

1’250’000

1’300’000

7’200’0007’300’0007’400’0007’500’0007’600’000

best fit

800’000

850’000

900’000

950’000

1’000’000

1’050’000

1’100’000

1’150’000

1’200’000

1’250’000

1’300’000

7’200’0007’300’0007’400’0007’500’0007’600’000

mu sigma best fit

0.1%

1.0%

10.0%

100.0%

- 5’000’000 10’000’000 15’000’000

best fit LogNormal fuzzy LogNormal

100%
104%

-

500’000

1’000’000

1’500’000

2’000’000

2’500’000

risk

best fit fuzzy

0%

10%

20%

30%

40%

50%

60%

70%

80%

90%

100%

- 5’000’000 10’000’000 15’000’000

observed LogNormal best fit LogNormal

Modelled risk distribution

▪ Risk 𝑋 ~ LogNormal

▪ Fit LogNormal 𝐹𝑋 with 𝒂 = 𝜇, 𝜎  

▪ Best fit distribution of risk 𝑋 𝐹𝑋 𝑥|𝒂

▪ Fuzzy distribution of risk 𝑋 𝐹𝑋 𝑥|𝒂~𝐹𝒂
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Modelled risk distribution

▪ Risk 𝑋 ~ Pareto

▪ Fit LogNormal 𝐹𝑋 with 𝒂 = 𝜇, 𝜎  

▪ Best fit distribution of risk 𝑋 𝐹𝑋 𝑥|𝒂

▪ Fuzzy distribution of risk 𝑋 𝐹𝑋 𝑥|𝒂~𝐹𝒂
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100%
105%
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risk
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Modelled risk distribution

▪ Risk 𝑋 ~ Pareto

▪ Fit Pareto 𝐹𝑋 with 𝒂 = 𝑇, 𝛼  

▪ Best fit distribution of risk 𝑋 𝐹𝑋 𝑥|𝒂

▪ Fuzzy distribution of risk 𝑋 𝐹𝑋 𝑥|𝒂~𝐹𝒂

𝐹𝑋 𝑥 = 1 −
𝑇

𝑥

𝛼
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Agenda 

▪ Parameters

▪ Risk

▪ Parameter risk
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Model risk
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☺

the world is not normal 
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OF

best

estimate

provisions

Et Cartago delenda est…

investments

assets liabilities

risk margin
provisioning

risk

S
C
R

• Solvency II internal model
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… et Carthago delenda est!

Solvency I Solvency II

standard formula
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Contact

+41 41 541 79 16

solutions@prs-zug.com

PRS Prime Re Solutions

www.prime-re-solutions.expert

Prime Re Solutions

Raingässli 1

6300 Zug

Switzerland
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All our clients are akin: 
they seek honesty, responsiveness and BESPOKE solutions
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